Finite Temperature Effective Actions 
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We present, from first principles, a direct method for evaluating the exact fermion propagator in 
the presence of a general background field at finite temperature, which can be used to determine the 
finite temperature effective action for the system. As applications, we determine the complete one 
loop finite temperature effective actions for + 1 dimensional QED as well as the Schwinger model. 
These effective actions, which are derived in the real time (closed time path) formalism, generate 
systematically all the Feynman amplitudes calculated in thermal perturbation theory and also show 
that the retarded (advanced) amplitudes vanish in these theories. 
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The effective action for a system of fermions interact- 
ing with a background field, which incorporates all the 
one loop corrections in the theory, is an important funda- 
mental concept in quantum field theory. At zero temper- 
ature we know that the n-point amplitudes (involving the 
background fields) at one loop are, in general, divergent 
and, consequently, the evaluation of the effective action 
at T = needs a regularization. Effective actions can, of 
course, be evaluated perturbatively. However, a beautiful 
method due to Schwinger [H, also known as the proper 
time formalism, is quite useful in evaluating one loop ef- 
fective actions at zero temperature with a gauge invariant 
regularization (in the case of gauge backgrounds). It in- 
volves solving dynamical equations in the proper time, 
which are not always trivial, to determine the effective 
action. When the dynamical equations can be solved in 
a closed form, the gauge invariant regularized effective 
action can be written in a closed form or at least in an 
integral representation. This has been profitably used to 
calculate the imaginary part of the effective action for 
fermions interacting with a constant background electro- 
magnetic field which describes the decay rate of the vac- 
uum [l[ . When the dynamical equations cannot be solved 
in a closed form, the method due to Schwinger leads to 
a perturbative determination of the effective action. 

In the past couple of decades, there have been sev- 
eral attempts 0, Q to generalize the method due to 
Schwinger to finite temperature 0, H[ and to determine 
the imaginary part of the effective action leading to con- 
flicting results Q ■ Here we present an alternative method 
for determining finite temperature effective actions for 
fermions interacting with an arbitrary background field. 
We believe that since the amplitudes at finite temper- 
ature are ultraviolet finite unlike those at zero temper- 
ature, it is not necessary to generalize the method due 
to Schwinger to finite temperature. After all, the proper 
time method was designed to provide a (gauge invariant) 
regularization which is not necessary at finite tempera- 



ture. Therefore, we propose a direct method for evaluat- 
ing finite temperature effective actions based mainly on 
the general properties of systems at finite temperature. 
In this connection, we believe that the real time formal- 
ism [5| (we use the closed time path formalism due to 
Schwinger [6() is more suited for this purpose. We note 
that, in general, the imaginary time formalism (the Mat- 
subara formalism Q) leads naturally to retarded and ad- 
vanced amplitudes, but the Feynman (time ordered) am- 
plitudes (beyond the two point function) cannot be con- 
sistently generated in this formalism Q. On the other 
hand, the effective action that we are interested in is 
precisely the one that generates Feynman amplitudes. In 
contrast to the imaginary time formalism, the effective 
action, when evaluated properly in the real time formal- 
ism, leads naturally not only to the Feynman amplitudes, 
but also to the retarded and the advanced amplitudes as 
we will show in examples. Furthermore, as we have em- 
phasized earlier in [H, Q , the real time calculations can 
be carried out quite easily in the mixed space where the 
spatial coordinates have been Fourier transformed as we 
will describe in the following examples. 

Let us consider a system of fermions interacting with 
an external field which we gencrically denote by A. This 
can be a scalar or a vector background field and we sup- 
press the Lorentz index (structure) of the background 
field for simplicity. If the fermion has a mass m, from 
the definition of the effective action it is straightforward 
to obtain 



dm 



= J dtdx tr S(t,x;t, x), 



(1) 
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where S(t, x; t', x') denotes the complete Feynman prop- 
agator for the fermion in the presence of the background 
field and "tr" stands for the trace over the spinor indices. 
However, keeping in mind that the fermion may not al- 
ways have a mass (say, for example, in the Schwinger 
model [Tq| ) , we use alternatively the fact that the varia- 
tion of the effective action with respect to the background 
field leads to the generalized fermion "propagator" at co- 
incident points (even though we use the same symbol as 
in iJTJ, the exact meaning of S below depends on the 



2 



nature of the background field as we explain) , 



<$r c ff 
6A(t,x) 



g tr S(t,x;t,x), 



(2) 



where g denotes the coupling to the background field and 
we are suppressing the Lorentz structure of the back- 
ground field as well as that of the generalized "propaga- 
tor" . We note that for a scalar background, S in |(3J) in- 
deed denotes the complete fermion propagator of the in- 
teracting theory at coincident coordinates. On the other 
hand, for a gauge field background, the right hand side in 
© determines the current density of the theory which is 
related to the complete fermion propagator of the theory 
through a Dirac trace involving the Dirac matrix. In ci- 
ther case, we note that it is the fermion propagator that 
is relevant in |(3J| for the evaluation of the effective action. 
In the mixed space (where the coordinates x have been 
Fourier transformed), we can write © as 



ST, 



off 



5A(t, -p) 



gix S(M;p) 



(3) 



Since the effective action is so intimately connected 
with the fermion propagator and since we are not inter- 
ested in the zero temperature part of the effective action, 
our proposal is to determine the complete fermion prop- 
agator at finite temperature directly such that 

(i) it satisfies the appropriate equations for the com- 
plete propagator of the theory, 

(ii) it satisfies the necessary symmetry properties of the 
theory such as the Ward identity, 

(iii) and most importantly, it satisfies the anti- 
periodicity property associated with a finite tem- 
perature fermion propagator 

In fact, it is the third requirement that is quite important 
in a direct determination of the propagator. We note that 
this last condition is missing at zero temperature which 
makes it difficult to determine the complete propagator 
(independent of the problem of divergence). When the 
theory is divergence free (so that it does not need a reg- 
ularization at zero temperature), this propagator will be 
the exact fermion propagator of the theory and would 
lead to the complete effective action including the cor- 
rect zero temperature part. On the other hand, if the 
theory needs to be regularized at zero temperature, this 
propagator will not yield the correct zero temperature 
effective action, but the finite temperature part of the 
effective action, which does not need to be regularized, 
will be determined correctly. We illustrate the method 
with two examples. 

Let us start with the 0+1 dimensional QED described 
by the Lagrangian 



L = t/j(t)(id t -m- eA{t))ij}{t), 



(4) 



where the fermion mass can be thought of as a chemi- 
cal potential and in + 1 dimension, the fermion field 



as well as the gauge potential have only a single com- 
ponent. This is a simple model which has been studied 
exhaustively [TTI . [l2l ] in connection with large gauge in- 
variance [1 31 ] at finite temperature, but it is also quite 
useful in clarifying what is involved in our proposal be- 
fore we generalize it to higher dimensions. As we noted 
earlier, we use the closed time path formalism where the 
path in the complex time plane has the form shown in 
Fig. [TJ In the closed time path formalism (in any real 
time formalism) the degrees of freedom need to be 
doubled and we denote the background fields on the C± 
branches of the contour as A±(t) respectively. Since t 
is the only coordinate on which field variables depend in 
this theory, there is no need for a mixed space propaga- 
tor. We note that the complete fermion propagator of 
the theory (ordered along the contour in Fig. [TJ satisfies 
the equations 

(id t -m- eA c {t))S c {t, t') = iS c {t - t'), 

S c (t, t'){id v +m + eA c {t')) = -i5 c (t - t'), (5) 

where the subscript "c" characterizes a function on the 
contour. On the contour, the step function is defined 
naturally as [5[ 



6{t-t') if both t,t' G C+, 

6{t' -i) if both t,f £ C_or 

1 if t G C_and t' G a 

if t G C+and t' G C. 



GCx, 



(6) 



and we have 5 c (t — t') = dtO c (t — t'). 



T 



V 



c± 



FIG. 1: The closed time path contour in the complex t plane. 
Here T — > — oo, while T' — > oo and /3 denotes the inverse 
temperature (in units of the Boltzmann constant k) p|. The 
two branches labelled by C± lead to the doubling of the de- 
grees of freedom while the branch C'± along the imaginary 
axis decouples from any physical amplitude. 

Equations ([5]) can be solved exactly subject to our 
three requirements leading to the contour ordered prop- 
agator of the form 



S c (t,t') 



-imt—itf f dtsgn c (t — t)A c (t) 



; (t - t) - n F (m + ~p{ a + - a -)) 
imt'+ i § /dtsgn (t'— t)A c (£) 



xe 



(7) 



where n-p denotes the Fermi distribution function with /3 
corresponding to the inverse temperature (in units of the 
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Boltzmann constant k) and we have identified 

oo 

a±= J dtA±(t). (8) 



Furthermore, we have identified 

Sg n c (t - 1') = e c (t - 1') - e c (t' - 1). 



(9) 



Although the phases in ([7]) can be combined to write 
them in a simpler form in this case, we have chosen to 
write them in this suggestive form which generalizes nat- 
urally to higher dimensions where the propagator will 
carry spinor indices. When t, t' are restricted to the ap- 
propriate branches of the contour, (0 determines all the 
components of the full 2x2 matrix propagator of the the- 
ory. Furthermore, it can be checked that this propagator 
satisfies the Lippmann-Schwinger equation (the pertur- 
bation expansion) [l4T | for the propagator. However, we 
do not go into the details of this analysis here, which will 
be discussed elsewhere. 

The + 1 dimensional theory is free from divergences 
and, therefore, ((7]) represents the complete fermion prop- 
agator of the theory in the presence of a background 
gauge field. We can now take the coincident limit (t = t') 
and integrate ((2]) to obtain the normalized effective ac- 
tion of the theory which has the form 



r nff fa i , a 1 



-i In 



e(a + — a_) 



13m . e(a + — a_) 

-i tanh sin 

2 2 



(10) 



This is the complete effective action of the theory which 
reduces to the well studied action [TJ [l2j on C + when 
we set a_ =0. However, being the complete effective 
action, (flC)]) contains all the information about retarded, 
advanced and other amplitudes as well. For example, 
let us note from (|10p that since r e g = r c ff[a+ — a_], the 
retarded n-point amplitude of the theory can be shown to 
vanish (for a definition of retarded amplitudes, see [HI), 
namely, 




jn-l-m j m 



da^ 1 "™ da r : 



dr eff [a H 



fl - IV 1 - 1 d " r °ff[ Q + ~ a -] 
1 ' da" 



da+ 
0, n > 2, (11 



where the restriction stands for setting all the back- 
ground fields to zero. Therefore, all the retarded (ad- 
vanced) amplitudes vanish in this theory. (The one point 
amplitude is by definition a Feynman amplitude.) 

With this brief derivation of the complete effective ac- 
tion in the 0+1 dimensional theory, let us next consider 
the fermion sector of the Schwinger model [l(| or mass- 
less QED in 1 + 1 dimensions described by the Lagrangian 
density 



At zero temperature, this model is soluble and describes 
free massive photons. The effective action for this model 
(for an arbitrary gauge background) has also been stud- 
ied perturbatively at finite temperature [Lsj even in the 
presence of a chemical potential [l7| ■ Here we will derive 
the closed form expression of the finite temperature effec- 
tive action following our method. We note here that the 
two point function in the Schwinger model needs to be 
regularized at zero temperature and, consequently, the 
zero temperature part of the effective action following 
from our propagator will not coincide with the regular- 
ized zero temperature effective action. However, our in- 
terest is in the finite temperature part of the effective 
action which is free from ultraviolet divergences. For 
completeness we note that the simple point-splitting reg- 
ularization of the fermion propagator is sufficient to reg- 
ularize the theory and can be carried out even in our 
method. However, we will not do this here since our main 
interest is in the finite temperature part of the effective 
action. 

The theory (fT2")l is best studied in the natural basis 
of right handed and left handed fermion fields (although 
everything that we say can be carried out covariantly as 
well as in the presence of a chemical potential) . Defining 

IpR = ^(1 + 75)^, = ^ -75)^, 

X® i X^ 

x ± = — , p± =p ±pi, d± = d ±d 1 , 



A ± = A ±A 1 , 



(13) 



C = ip(t, x)^(id^ - eA^t, x))^{t, x). 



(12) 



the Lagrangian density (|12[) naturally decomposes into 
two decoupled sectors described by 

C = ^ R (id+ - eA + )ip n + <(id_ - eAJ)^, (14) 

where "0R > V'l denote only the component spinor fields 
(no spinor index left any more) . While the zero tempera- 
ture regularization mixes the two sectors through the two 
point function (anomaly), at finite temperature we do not 
have divergences and we do not expect the two sectors 
to mix. Therefore, we can study the finite temperature 
effective action in each of the two sectors separately. 

Let us consider the theory only in the sector of the 
right handed fermions in (fl"4"|) . This is very much like the 
0+1 dimensional theory. However, there is one essential 
difference which makes the derivation much more diffi- 
cult, namely, the field variables depend on two coordi- 
nates (t, x) or equivalently on (x + , x~). We would like to 
emphasize here that although we use the light-cone coor- 
dinates for simplicity, the theory is still quantized on the 
equal-time surface and the propagator is defined through 
the time ordered Green's function (namely, we do not 
use the statistical mechanics of the light- front [1(|). As 
we mentioned earlier, the finite temperature derivations 
become a lot simpler in the mixed space. Thus, Fourier 
transforming the x~ coordinate, the action for the right 
handed fermions takes the form (the conjugate variables 
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to x should be written as p- , fc_ , which we write as p, k 
for simplicity) 



with 



S B 



dx + ^(af 1- , —p) 



2tt 
dk 
2^ 



id + ip K {x + ,p) 



A + (x + ,p- k)ipn(x + , ft) 



(15) 



As a result, we recognize that the equations for the propa- 
gator will involve a convolution. They are best described 
by introducing the following operator notations for the 
propagator as well as the gauge potential 

S{x + ,x'+;p,k) = (p\S(x + ,x'+)\k), 
A + (x+,p-k) = (p\A + (x+)\k), (16) 

so that the equations for the propagator ordered along 
the contour take the (operator) forms (see also (O) 

{id+ - eA +c (x+))S c (x+,x' + ) = % - S c (x+ - x'+), 



S c (x+,x'+)(id! +eA +c {x'+)) 



■6 c (x+ -x'+).(17) 



We note from © and (IT5]) that, in the present case, we 
can identify 



S c (x + ,x + ;p) 



dk 
2^ 



(k+p\S c (x + ,x'+)\k). (18) 



The solution to (fT7|) satisfying the Ward identity as 
well as the appropriate anti-periodicity condition can be 
determined to have the form 



S c (x ,x ) 



1 



e 2 



y J dx^ sgn c (a:"'" — x~^~)A+ c {x + ) 



x (sgn c (a; + - x'+) + 1 - 2(0+ + l)" 1 ) 

(19) 



xe 2 



^ / dx^~ sgn c (x'^— x + )A+ c {x~' r ) 



where 



sgn c (x+ - x' + ) = 9 c (x+ -x' + )- 6 c (x' + -x+), 



J +( + )~ a +(-V UK I 

2 e 2 e 



J +(+)~ a +(-)' 



(20) 



with K denoting the momentum operator and ((±) with 
the parenthesis denote the thermal indices while + with- 
out the parenthesis represents the light-cone component 
of the background field) 



l +(±) 



dx+ A 



+(±) 



(a;" 1 



(21) 



It can be checked that this complete propagator satis- 
fies the Lippmannn-Schwinger equation. In fact, setting 
x + = x l+ and using we can integrate (fl3|) to obtain 
the normalized effective action in the right handed sec- 
tor. The thermal part of the effective action is contained 
in the simple form 

r R , off = -^ I g(fc|ln(l+|^a + )|fe), (22) 



N 



K 

l-2n P (-), 



-(+) 



(23) 



This effective action has the right (delta function) struc- 
ture that had already been observed in the perturbative 
calculation in the right handed sector [l(| which is a con- 
sequence of the Ward identity in the theory. In fact, the 
expansion of this effective action on C+ (namely, setting 
= 0) agrees order by order with the perturbative 
result. The thermal part of the effective action for the 
left handed sector is similarly given by 

r\ cff = ~ J^{k\ln(l + ^Na-)\k), (24) 

where k should be understood as the conjugate variable 
to x + (which should be written as fe+) and we have iden- 
tified 



<M±) 



a_ = a_(+) - a-(-), 

dx~ A-m (x~). 



(25) 



Once again, this effective action has the right (delta 
function) structure as in the perturbative calculation and 
the thermal part agrees with the perturbative result (l6j 
order by order when restricted to C+ . The finite temper- 
ature effective action for the 1 + 1 dimensional fcrmion 
interacting with an arbitrary Abelian gauge background 
can, therefore, be written as 



(26) 



and the thermal part of (|26|) leads to the correct pertur- 
bative result order by order [l6l] on the branch C+ . How- 
ever, since ([2^1) represents the complete effective action 
and since it is a functional of (a±(+) — a±(-)) ( sec (JH])- 
(|24l ). it can be checked as in (fTT|) that all the retarded 
(advanced) amplitudes vanish in this theory This should 
be contrasted with the fact that this had been verified ex- 
plicitly only up to the 4-point function in perturbation 
theory 

In summary, we have proposed an alternative method 
for determining the finite temperature effective action 
for fermions interacting with an arbitrary background 
field. This is done by determining the complete fermion 
propagator (in the closed time path formalism) directly 
by using the anti-periodicity condition appropriate at fi- 
nite temperature. We have illustrated how our proposal 
works with the examples of the + 1 dimensional QED 
as well as the Schwinger model. A longer version of the 
results with more details of the calculations as well as 
other aspects of this analysis will be reported separately. 
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